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Elastic Full Waveform Inversion (EFWI) is a computationally intensive iterat- Using a misfit functional ¥ (d,(m), d,), we can compare the target model re- The Hessian H acting on a model perturbation 6m can be expressed with the 3 : \ : Studying the Hessian kernels shown in figure 3-5 we observe a strong signal
ive method for estimating elastic model parameters. A key element of EFWI corded data d, with the modelled data d,. = u(m, x,.), where x. is the position Hessian kernel H,, as[4] along the diagonal in all elements as an imprint of the perturbation. Espe-
is the numerical solution of the elastic wave equation which lies as a founda- of the receivers. The goal of this method is to find a model update ém, that Hom = H,,. (20) cially in the H> elements where only the diagonal is non-zero for some of the
tion to quant.1fy Fhe mismatch b.et.ween synthetic (modelled) and true (target) decreases the misfit such that The Hessian kernel can in turn be split up into three different terms HYr i “ : HVr \ % 3 Hvr “ N “ HYr M 2 oy elements.
measured seismic data. The misfit between the modelled and target receiver : : - :
datz ils1 udsed (t10 update the paramfter model to yield a l;etter }l:it between Eihe1 W(my; = my +omy) < ¥(my). (6) H,, = H (u, 5u) + H2 (5u’,u) + H? (u', u) (21) We b.]ejllle\f tliledvianhpatfrp to l;e c.at;iste? bytt.he fin&fe frzq:hency clontipt and
modelled and true receiver signal. A common approach to the EFWI mode . , . o & H possibly linked to the choice oI misit lunctional ¥ dan € cycle Skippimg
update problem is to use a conjugate gradient search method. In our approach This can be done by calculating the Jacobian of the misfit as by introducing the perturbed forward and adjoint fields 6u and 6 u' respectively H™ i , b H*™ N . ~ H™ -, - ™, HY oy ™, Y problem[5].
we suggest that the resolution and cross-coupling for the estimated parameter J(m, +6m,) = V. ¥(m, + 5m,) 7) as b ) i he h - _ ol |
update can be found by computing the Hessian matrix. Both a homogeneous k k7 om k k> - _— — — ——m - — _— — {400 1111? att € 011.108}@:160113. case in 81]1)1’6 }113 V}Vle 1110‘11(36 a comparaftfwe y low
model and the Gullfaks model (fig. 1) are used to illustrate the influence of and linearising it around m Su = lim —| u(m+ vém) _u(m)], (22) ~1.0 0.5 0.0 0.5 1.0 ~1.0 0.5 0.0 0.5 1.0 ~1.0 0.5 0.0 0.5 1.0 ~1.0 0.5 0.0 0.5 1.0 cvel of sinedring 1i t. € x.—dlrectlon in bot .t € long E.md Zero ofiset Cases
offset on parameter resolution and cross-coupling & k v—0 | H' H? H! H? compared with the z-direction. The best focusing is obtained at long offsets in
' N L ffset, perturbations in x-direction. ions in x-direction. irecti :
N J(m, + 5m,) ~ J(m,) + V. J(m,)5m, = 0. 8) Sy = lm(l)— a'(m + v6m) —u (m)] (23) (a) Long offset, perturbations in x-direction (b) Zero offset, perturbations in x-direction both directions as expected
=0 VL 0 OVs 0 OVg 0 OV ) OVg : : : :
, , op T v op T v op T v op T v The pattern in the top row of the horizontal direction kernels suggest that the
d With the Hessian expressed as HP k Lis chieflv affected by : : b h bati hich ;
It can be shown that the first two Hessian terms can be expressed using the H’ \ \\ A H’ Y b\ X H’ Wy "\,'\ i H’ 4y : 3 erne 1s creny atecier Dy Iierachons daove e periibation, Wit 1t
1 | Y . . : :
0 2000 4000 ’ (m) 6000 8000 10000 H(mk) — va(mk) — vmvm\Ij(nlk) (9) same formula as for the Fréchet kernels, but Substituting the Waveﬁelds[4] - “\ ) . . - : : . 1*‘ o also .SuggeSted by geometrlcal Spreadlng StUdle.S[6:|. The.rEIatl.Vely Smeal.‘ed
’ density kernel compared to the other elements is also in line with the notion
0 we can rearrange eq. (8) r that it is hard to invert for density[5]. There is also a strong coupling between
500 H; = | u'V, L(6bum)dt =F, (u',ou), (24) v ) N N v \ N N v x .. “ v | iy . the density and velocity parameters which is evident from the strong pattern
= 1000 H(m,;)ém, = —J(m,), (10) JFT h, \ X . > 1 ‘" 1 from the év, and 6v, columns in the H° row, especially in the z-direction.
— 1500 2
H: = | 6u'V_L(um)dt =F_(ou',u. 25 . .

N 2000 assuming the Hessian is invertible we can solve for 0m, and get m J . m ( ) m( ) (25) [t can appear that the v, parameter is best resolved, though by closer inspec-
9500 Vs A N “) Vs A LY 3 HY . 1 x HY " “ \ tion we see a arguably stronger coupling with the 6v, perturbation than the
2000 Sm, = —H 'J. (11) The third Hessian term can be expressed as \, b, \ . ., : L s i : - . expected 5v, parameter.

_ 1 . Since the full Hessian is computationally expensive, eq. (11) is commonly 3 + B 2 T I I I All in all there is a significant coupling between all three parameters in the
1600 1800 2000 2200 2400 2600 2800 3000 : o : : : H = | u ViV L(u,m)(6m)dt (26) ~1.0 0.5 0.0 0.5 1.0 ~1.0 0.5 0.0 0.5 1.0 ~1.0 0.5 0.0 0.5 1.0 ~1.0 0.5 0.0 0.5 1.0 , : : : T
Cullfak Tl approximated[5] by substituting the inverse Hessian with a scalar a; € R . 1 2 1 2 first two kernel terms having to do with the perturbed wavefields 6u and ou’'.
HITdKS Vp Mode resulting in - e L The pairwise strong coupling of parameters in the remaining H® term might
: : : S S (c¢) Long offset, perturbations in z-direction. (d) Zero offset, perturbations in z-direction. p & pling ot p & &
omy ~ aJ. (12) which vanishes in the p, u, A parametrisation. In the p,v,, v; parametrisation , . , g be able to alleviate some of the ambiguity by use of different perturbations.
o (m) o (m) o H’ is non-zero and can written using the Fréchet kernels as Figure 3: Homogeneous model Hessian kernels.

) ——————————— 04 S A model update can.then be found vid a linear search for th.e best step length o Looking at the Hessian kernels obtained from the more complex Gullfaks model
G o a;, but at tbe loss of information .regard%ng parameter resolution a.nd cross-talk. TE T 0 plE, o ] 50 - we can observe the same trends as in the homogeneous case. The resulting
é;ggg ___, £ 1509 Here we will calculate the Hessian acting on a model pert}lrbatlon as Hom,, b3 Hg Y PR 1va 0 5 s | 27) op OVp OVs Sp OVp OVs Sp OVp OVs Sp OVp OVs Hessian kernels for the heterogeneous case can be said to be better focused

2500 250 \and use the result to study the effect of different perturbations omy. . " el o~ IF pop 0 v-IF 5v1: “ b 3 \ 1 J than in the homogeneous case, especially at the long offset. It should be noted

— B e L v, sty LOVs_ H’ " ., . H? N , . H \ W . H’ , A \ that this effect can be due to a haphazardly better acquisition geometry and
1200 1400 1600 1800 2000 2200 2400 0 200 400 600 800 1000 1200 1400 1600 N W, " e " 5
Gullfaks p model Gullfaks v mode / - \ 3 , .. , ) other models should be tested.
5 Fréchet kernels Note that the H  element is explicitly dependent on the model perturbation. ™ !
Figure 1: The Gullfaks model. The red diamond indicates a small inclusion 6v, in the We can construct a matrix representing the Hessian H at position x. due to a . L . ‘a ) . ) \ The kernels agree with previous observations and show promise to for applic-
target v, model that is not present in the background model. The black and white | del hation & p. _ & P { HY N, iy “ HYr . e ., H» “, o LY HY» %% A ) ability in uncertainty analysis for seismic exploration.
lines indicate the position of the test perturbations used to calculate the Hessian We introduce the adjoint field u' shown in figure 2 as the backpropagation of model perturbation om at position X; o S |
kernel. the difference in the recorded field d. and target recording d, dependent on a E y - x -
\ . C : HPSP HP&P ... | gPs» ... | HPsY ... \
norm y which forms the kernel of the misfit functional W. 0“0 1101 0“0 0“0 — \ -— \ -— . — ~
y H 1‘0 S g H f S f ‘., : : x , R 5 b , “, , Y “, A A y
2 Aim By cross-correlating the adjoint field with the Fréchet derivative of the wave HYSg & - \ “ ) i 9 Future work
operator we can calculate the Jacobian as[4] HSm = vp . ; i H e H e H e H e
HO 50 HOP 501’ . e HOP 505 .o —1.0 —0.5 (I)_I(i 0.5 1.0 —1.0 —0.5 (I)_Ig 0.5 1.0 —1.0 —0.5 (I)_I(l) 0.5 1.0 —1.0 —0.5 ;)_I(; 0.5 1.0
The main goal of this research is to get a better understanding of the wavefield + 5 : S ; . L . . . The presented Hessian kernels show interesting properties. Different strategies
: : : .. .. .. J=F,(u',u)= | u'V, L(u,m)dt, (13) - (a) Long offset, perturbations in x-direction. (b) Zero offset, perturbations in x-direction. . : : : . :
interactions in seismic surveys and how to exploit this information in order to . H» 5" HYS Y -+ | HySy -+ for calculating them should be tested, including different frequencies and misfit
produce more accurate subsurface models, and with a higher confidence. : 5p 5V OV 5p oV OVs 5p OV OVs 5p Ovp OVs functionals to explore the effect it might have one the phase wave pattern, if
where F,, is the Fréchet kernel defined as the volumetric density of the Fréchet - - any.
We are using the known adjoint-state approach to calculate a model update derivative. using the shorthand notation - \ \\ \ - \ . - | - *
based on the difference in surface recorded field between the target model and N\ ) h A - When properly implemented we suggest to incorporate the Hessian kernels
an initial model as described by PMora and A.Tarantola[ 1, 2], and expanded In the perfectly elastic isotropic case using the m® = (p, u, 1) parametrisation, H(x;)6m(x;) = H!'5™". (28) in a iterative Full Waveform Inversion (FWI) scheme based on the Newton
by A.Fichtner[3, 4] to calculate the Hessian acting on a model perturbation. the Frechet kernels can be written as - method[7, 8] to improve the inversion results and use the information con-
Here we have calculated the Hessian acting on several small perturbations in ro \ Hvr ", = \ HY» Y ., ., HYr “ A . HYr \ s, d tained in the kernels to provide uncertainty estimates of the result.
order to construct the Hessian for a defined section of the model. We then Fg(x) =— | wu;dt, (14) " "
use the Hessian matrix to infer parameter resolution and cross-coupling for Jr /7 MEthOd We also suggest to calculate the Hessian kernels for different and more com-
different acquisition geometries. FO(x) = i 2t ds (15) plex parametrisations (e.g. VTI, orthorhombic) in the pursuit for an optimal
A J. H™ \ . N, H™ ‘x , N\ HY " \ . HY . \ . parametrisation to use in seismic exploration.
N FO () — 1 2+ 00 (5 20 )d 16 The models used are 10 km wide by 3 km deep with a grid spacing of 10 m. S
/ - - M(X) T 9 ] T( Ui * iuj)( jUi T ol ) L, (16) We have introduced a 30m x 30 m inclusion in the v, parameter centred at - o N . - o N — /
3 Elastic wave eq uation (5km,1.9km) in the target model which we study the effect of by looking at 10 0.5 00 0.5 L0 1.0 0.5 00 0.5 10 10 0.5 00 0.5 L0 1.0 0.5 00 0.5 L0 References
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